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Abstract

In this paper, an indirect method is used to investigate the bifurcations

of limit cycles at infinity for a class of seventh-degree polynomial system,

in which the problem for bifurcations of limit cycles at infinity is

transferred into that at the origin. By the computation of singular point

values, the conditions of the origin (correspondingly infinity) to be a

center and the highest degree fine focus are derived. Finally, it is showed

firstly that a seventh-degree differential system can bifurcate eleven

limit cycles at infinity.
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1. Introduction

The second part of Hilbert’s 16th problem is concerned with the
number and relative distributions of limit cycles of the polynomial system

( ) ( ),,,, yxQdt
dyyxPdt

dx
nn == (1)

where nP  and nQ  are Polynomials of degree n. Let nH  be the Hilbert

number, then in [ ],11,10  it is known that .12,4 32 ≥≥ HH  To study

distribution of limit cycles in the planar, we need to consider not only the
case of finite critical points but also the case of infinity. In the second
case, the research is mainly concerned on the following system of degree

12 +n

( ) ( ) ( )∑
=

+δ+−+=
n

k

n
k yxxyyxXdt

dx 2

0

22 ,,

( ) ( ) ( )∑
=

++δ+=
n

k

n
k yxxyyxYdt

dy 2

0

22 ,, (2)

where ( ) ( )yxYyxX kk ,,,  are homogeneous polynomials of degree k in x,

y. As indicated in [6] the equator ∞Γ  on the Poincaré closed sphere is a

trajectory of this system, having no real singular point. ∞Γ  is also called

infinity. Conveniently, we denote nI  the maximum number of possible

limit cycles in a neighborhood of infinity (large-amplitude limit cycles) of
n degree polynomial differential system in the form of (2). As far as the
number of limit cycles bifurcated from infinity is concerned, there are
some results so far in the literature as follows: in [1], Blows and Rousseau
had studied bifurcations of limit cycle at infinity for a class of cubic

system and obtained 5 limit cycles at infinity. In [ ],12,8  the authors gave

a real planar cubic system, which bifurcated 7 limit cycles at infinity

( ).7.,i.e 3 ≥I  For quintic systems, [ ]13,3,2  show that 55 ,5 II ≥

,11,8 5 ≥≥ I  respectively. For the higher degree systems, there are few

results. 97 ≥I  is proved in [4]. In this paper, we consider a class of

special seventh-degree differential system with the form
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( ) 2
0211

2
02111010 yAxyAxAByBxAdt

dx +++++=

2
12

2
21

3
30 xyByxBxB +−+

( ) ( ) ( ) ( ) ,322222
2332

3
03 yxxyyxyAxAyA +δ+−++−++

( ) 2
0211

2
02110110 xBxyByBAxByBdt

dy +++++=

2
12

2
21

3
30 yxBxyByB +++

( ) ( ) ( ) ( ) ,322222
3223

3
03 yxyxyxyAxAxA +δ+++++− (3)

where 2,1,0,,,, =∈δ jiRBA ijij  and prove that .117 ≥I

2. Some Preliminary Results

Consider a real differential system

( ) ( )∑ ∑
∞

=

∞

=

ηξ+δη−ξ=ηηξ+η−δξ−=ξ

2 2

,,,,
k k

kk Ydt
dXdt

d
(4)

where ( ) ( )ηξηξ ,,, kk YX  are homogeneous polynomials of degree k in

., ηξ  Under the polar coordinates ,sin,cos θ=ηθ=ξ rr  system (4) can

take the following form

( )

( )
,

1
2

1
1

2
1

1

∑

∑
∞

=
+

−

∞

=
+

−

θψ+

θϕ+δ−
=

θ

k
k

k

k
k

k

r

r
rd

dr (5)

where

( ) ( ) ( ),sin,cossinsin,coscos1 θθθ+θθθ=θϕ + kkk YX

( ) ( ) ( ),sin,cossinsin,coscos1 θθθ−θθθ=θψ + kkk XY

....,2,1=k

For sufficient small h, let
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( ) ( ) ( ) ( )∑
∞

=

θν=θ=−π=
1

,,,2
m

m
m hhrrhhrhd (6)

be the Poincaré succession function and the solution of Eq.(5) associated

with the initial condition .0 hr =| =θ  It is evident that

( ) ( ) .,3,2,00,1 ==ν=θν δθ me m (7)

Similar to [6], if ( ) ,121 ≠πν  then the origin is called a rough focus; if

( ) ,121 =πν  and ( ) ( ) ( ) ( ) ,02,0222 12232 ≠πν=πν==πν=πν +kk  then

the origin is called a weak focus (fine focus) of order k and the quantity of

( )πν + 212k  is called the k-th focal value at the origin ( );...,2,1=k  if

( ) ,121 =πν  and for any positive integer ( ) ,02, 12 =πν +kk  then the origin

is called a center.

By means of transformation

,1,,, −==η−ξ=η+ξ= iitTiwiz (8)

system ( ) 04 =δ|  can be transformed into the following complex system

( ) ( ) ( ) ( )∑ ∑
∞

=

∞

=

−=−−==+=
2 2

,,,,,,
k k

kk wzWwzWwdT
dwwzZwzZzdT

dz (9)

where z, w, T are complex variables and

( ) ( ) .,,, β

=β+α =β+α

α
αβ

βα
αβ∑ ∑== zwbwzWwzawzZ

k k
kk

It is obvious that the coefficients of system (9) satisfy the conjugated
condition, namely,

.2,0,0, ≥β+α≥β≥α= αβαβ ba  (10)

It is called that system ( ) 04 =δ|  and (9) are concomitant.

Lemma 2.1 (see [7]). For system (9), we can derive successively the

terms of the following formal series ( ) ∑
∞

=β +α

βα
αβ=

0

, wzcwzM  such that
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( ) ( ) ( ) ( ) ( )∑
∞

=

µ+=
∂

∂−
∂

∂

1

,1
m

kzwmmw
MW

z
MZ

(11)

where kkcc ,0,0 ,1=  is any real number, ,,2,1=k  and for any integer

( )mm µ,  is determined by following recursive formulas:

,10,0 =c  if ( )0>β=α  or 0<α  or ,0<β  then 0, =βαc

else

[( ) ( ) ] ,111 2

3
1,11,1,, ∑

+β+α

=+
+−β+−α−−βα +β−+α

α−β
=

jk
jkkjjk cbac

( ) [ ]∑
+

=+
+−+−−− −=µ

22

3
1,11,1, .

m

jk
jmkmkjjk cbam (12)

As in [ ] kµ,9,7  in Lemma 2.1 is called the singular point value at the

origin of system (9). The relations between singular point values and
focal values is given in the following lemma.

Lemma 2.2 ([8]). For system (9), the first non-vanishing singular
point value and the first non-vanishing focal value of its concomitant
system ( ) 04 =δ|  are related by

( ) .212 mm iv πµ=π+ (13)

3. Singular Point Values and Center Conditions

By means of translations ( ) ( ) =τ=ς−ζ−=ς+ζ= iitiyx ,,2,2

,1−  we can obtain a concomitant complex seventh-degree system to

system (3)

3
03

2
2111

2
200110 ς+ςζ+ζς+ζ+ς+ζ=

τ
ζ aaaaaad

d

( ) ,1 3423
32 ςζδ−+ςζ+ ia
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[ 3
03

2
2111

2
200110 ζ+ζς+ζς+ς+ζ+ς−=

τ
ς bbbbbbd

d

( ) ],1 3423
32 ςζδ++ζς+ ib (14)

where

,
2

10011001
10

iBBiAAa −+−−
= ,

2
10011001

10
iBBiAAb +++−

=

,
2

10011001
01

iBBiAAa ++−
= ,

2
10011001

01
iBBiAAb −++

=

,
2

1111
20

iBAa −−
= ,

2
1111

20
iBAb +−

=

,
2

22 11201102
11

ABiBiAa ++−−
= ,

2
22 11201102

11
ABiBiAb +++

=

,
4

12302103
03

iBiBBAa +−+−
= ,

4
12302103

03
iBiBBAb −++−

=

,
4

33 21301203
21

BiBiAAa +−−−
= ,

4
33 21301203

21
iBiBiAAb +++−

=

,322332 iAAa −= .322332 iAAb +=                       (15)

Evidently, the coefficients of system (14) satisfy the conjugate condition,

i.e., ( ).3,2,1,0, == jiba ijij  By means of coordinate 
( )

=ς=ζ ,
4zw

z

( )
,

4zw
w  and time scaling 

( )
,1

3
dTd

ζς
=τ  system (14) can be transformed

into the following system

1613
03

78
3232 7

3
7
4

7
3

7
11 wzawzbazidT

dz +




 ++





 δ+=

1818
2011

1217
03

1415
2121 7

4
7
3

7
4

7
4

7
3 wzbawzbwzba 





 +++





 ++

,
7
4

7
4

7
3

7
3

7
4

7
3 2023

01
2122

1010
2221

01
1719

1120 wzbwzbawzawzba +




 +++





 ++
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 +





 ++





 δ−−= 1613

03
78

3232 7
3

7
3

7
4

7
11 zwbzwbawidT

dw

1818
1120

1217
03

1415
2121 7

3
7
4

7
4

7
3

7
4 zwbazwazwba 





 +++





 ++

2221
01

1719
2011 7

3
7
3

7
4 zwbzwba +





 ++

               .
7
4

7
3

7
4 2023

01
2122

1010 
+





 ++ zwazwba (16)

Suppose that system (16’) be concomitant system of system (16) ( i.e,

by means of transformation ,1,,, −==η−ξ=η+ξ= iitTiwiz

system (16) can become system (16’)), then the problem of bifurcation at
infinity in real system (3) will be transformed into that at the origin of
real system (16’).

According to recursive formulas given by Lemma 2.1, and using
computer algebra system–Mathematica, we compute the singular point

values of the origin of system ( ) 016 =δ|  and simplify them, we have

Theorem 3.1. For system ( ) ,16 0=δ|  the first 112 singular point values

of the origin as follows

( ) ( ) ( ) ( ) ,028,
7

21,
7

14,
7

7 101021213232 =µ
+−

=µ
+−

=µ
+−

=µ
bababa

 ( ) ;
7

35 20112011 bbaa −
=µ

Case1. ,02020 =ba

( ) ( ) ( ) ( ) ,063,
7

56,04942 01
2
1101

2
11 =µ

−
=µ=µ=µ

abba

( ) ,
21

70 03
2
110103

2
1101 abbbaa +−

=µ

( ) ( ) ( )91,08477 µ=µ=µ
( ) ( )

,
12

323203
4
1103

4
11 baabba ++−

=
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( ) ( ) ( )
,

21
5

98 212103
4
1103

4
11 baabba ++−

=µ

( ) ( ) ( )
,

56
27

105 101003
4
1103

4
11 baabba ++−

=µ

   ( ) ( )
;

63
5

112 03
4
1103

4
110303 abbaba +−

=µ

Case 2. ,02020 ≠ba

( ) ( ) ,04942 =µ=µ

( ) ( ) ( ) ( )
;

7
44

56 11012011012001
2
1101

2
1101

2
2001

2
20 abbbaaabbabbaa −+−+−−

=µ

Case 2.1. ,2,2 20112011 abba ==

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ;0122105989184777063 =µ=µ=µ=µ=µ=µ=µ=µ

Case 2.2. ,2,2 20112011 abba ≠≠

   ( ) ( ) [ ( ) ( 1101
2
200301

2
200301

2
2003 5270,063 bbaaabbbaa −−=µ=µ

  ) ( )] ;422 01
2
110301

2
11031101

2
2003 bbaaabaabb −−−

Case 2.2.1. if ,4
2003

4
2003 bbaa =  then

          ( ) ( ) ( ) ( ) ( ) ( ) ;011210598918477 =µ=µ=µ=µ=µ=µ

Case 2.2.2. If ,
2
1,

2
1, 20112011

4
2003

4
2003 abbabbaa ==≠  then

 ( ) ( ) ( )
,

448
33

77 323201
2
200301

2
2003 baabbbaa +−

=µ

( ) [ ( ) ( )2
20032101

2
20032101

4
2003

4
20035984 aabbbbaaaabb −−−=µ

( )] ,5621
2
20010321

2
200103 bbabaaba −+
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( ) [ ( )01
2
20100301

2
201003195

2240
391 abbbbaaa −=µ

( )20
2
01200320

2
01200328 aabbbbaa −+

( )],195 2
20031001

2
20031001 aabbbbaa −−

( ) [ ( ) ( 03
2
01

2
20

2
0301

6
200301

6
200301175998 bbaaabbbaaa +−=µ

)] ;784 010103
2
01

2
20

2
0301 baaabbb−

Case 2.2.3. If ,
2
1,

2
1, 20112011

4
2003

4
2003 abbabbaa ≠≠≠  then

( ) ,077 =µ

( ) [ ( ) ( )11
3
200311

3
2003

4
2003

4
2003 2816

7
184 abbbaabbaa −+−−=µ

( )3
112003

3
1120033 abbbaa −+

( )],16 2
11

2
2003

2
11

2
2003 abbbaa −−

( ) ( ) ( )
,

13608
187

91 3232
4
2003

4
2003 babbaa ++−

=µ

( ) ( ) ( )
,

1701
40

98 2121
4
2003

4
2003 babbaa ++−

=µ

( ) ( ) ( )
,

168
5

105 10102003
4
2003 babbaa ++−

=µ

( ) ( )
,

35721
17605

112
4
2003

4
20030303 bbaaba −

=µ

where ( ) .,16,7,0 Niiikk ∈≤≠=µ  In the above expression of ( ),kµ  we

have applied the conditions ( ) ( ) ( ) ,0121 =−µ==µ=µ k  for

.112,,3,2=k

Theorem 3.2. In system ( ) ,16 0=δ|  all of the first 112 singular point

values at the origin vanish, if and only if one of the following conditions
holds
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(1) ,,,,, 03
4
1103

4
1120112011101021213232 abbabbaabababa =====

;02020 =ba (17)

(2) 4
2003

2
2001

2
20012011201110102121 ,,,, aabbaabbaababa ====

;0,, 20203232
4
2003 ≠== bababb (18)

(3) ,2,,, 2011101021213232 babababa ====

.0,2 20202011 ≠= baab (19)

Proof. Obviously, the condition is sufficient. Now we prove its
necessity.

From ( ) ( ) ,0735 11201120 =−=µ bbaa  we can know that 02020 =ba

or .02020 ≠ba

Case 1. .02020 =ba  By ( ) ( ) ,0756 2
1101

2
1101 ===µ baab  it can be

obtained that 01111 =ba  or .01111 ≠ba  (i) If ,01111 =ba  then ( ) =µ 63

( ) ( ) ;011270 =µ==µ  (ii) if ,01111 ≠ba  there exists constant p, such

that ,, 2
1101

2
1101 pbbpaa ==  so ( ) ( ) ( )03

4
1103

4
1170,063 abba +−=µ=µ

.21p  If ,03
4
1103

4
11 abba =  then ( ) ( ) ( ) ,01128477 =µ==µ=µ  else

,03
4
1103

4
11 abba ≠ i.e., ,00303 ≠ba  then ( ) ( +−−=µ 03

4
1103035112 baba

) .06303
4
11 ≠bb  Therefore, the condition (1) holds.

Case 2. .02020 ≠ba  If there exists constant r, such that

,2011 rba =  ,2011 rab =  then ( ) ( ) ( ) ,256 22
2001

2
2001 rbbaa +−+−=µ  so we

can obtain 2=r  or .2
2001

2
2001 bbaa =  (I) if ,2=r  then

( ) ( ) ===µ=µ 7063  ( ) ,0112 =µ  so condition (3) holds; (II) if ,2≠r

there exists constant q, such that ., 2
2001

2
2001 qabqba ==  From

( ) ( ) (−−=µ qbbaa 4
2003

4
200370  ) ( ),212 rr +−+  we can know that

4
2003

4
2003 bbaa =  or 0=q  or 2=r  or .21=r  By computation and

deduction, the condition (2) holds.

From Theorem 3.2, it can be got that
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Theorem 3.3. For system ( ) ,16 0=δ|  all of singular point values at the

origin are zero if and only if one of the three conditions of Theorem 3.2

holds. Hence the conditions of Theorem 3.2 are the center conditions of
system ( ) 016 =δ|  at the origin. Relevantly, the three conditions of Theorem

3.2 are the center conditions of system ( ) 014 =δ|  at infinity.

Proof. Let us prove the sufficiency. If the condition (17) or (18) holds,
According to the Constructive Theorem of Singular point values( see ([12,

Theorem 2.5] or [13, Theorem 4.15])), we get that all ,1,0 ==µ kk .,2

So, the origin of ( ) 016 =δ|  is a complex center.

If condition (19) holds, system ( ) 016 =δ|  has a analytic first integral

( ) ,, 4
1

77 −
= GzwwzF

1414
21

2121
10

77
32 61243 zwbzwbzwbG +++=

 2220
016 zwb+  2022

016 zwa+ 1216
033 zwa+

   ,12312 1718
20

1612
03

1817
20 zwbzwbzwa +++

so the origin of ( ) 016 =δ|  is also a center.

From Theorem 3.3, we have the following

Theorem 3.4. Infinity of system (3) is a center if and only if 0=δ

and one of the three conditions in Theorem 3.3 holds.

4. Bifurcations of Limit Cycles

In order to consider bifurcations of limit cycles, system (16’) needs to

be transformed by transformation: .sin,cos θ=ηθ=ξ rr  And under the

initial-value condition ,0 hr =| =θ  its solution can be expressed by

( ) ( )∑
∞

=
+ θν=θ=

1
114 ,,~

m

m
m hhrr  where ( ) ( ) ,2,00,1 ===θν δθ mve m

.,2  The idea of finding m limit cycles around the origin of system (16’)

is as follows. First, we find conditions such that ( ) ( ) ==π=π 2,12 151 vv

( ) ,02114 =π−kv  but ( ) 02114 ≠π+kv  for some ,mk ≥  then perform
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appropriate small perturbations to prove either that the Poincar'e
succession function

( ) ( ) ( )( ) ( )∑
∞

=

+
+ π+−π=−π=

1

114
1141 ,212,2

j

j
j hvhvhhrhd (20)

has just m simple positive roots or that

( ) ( ) ( ) ( ) ( ) ( ) ,22,022 11411141114114 ππ<ππ ++−+−+ jjjj vvvv 

{ } { }kjjjjjjj mm ,,2,1,,,,,,, 2121 ⊂= (21)

holds.

From Theorems 3.1 ~ 3.2 , we obtain

Theorem 4.1. The highest order of singular point of system ( ) 016 =δ|

at origin is 112, namely, ( ) ( ) ( ) ( ) ,0112,011121 ≠µ=µ==µ=µ  if and

only if one of the following conditions holds

(1) ,02121 == ba   ,01010 == ba   ,03232 == ba    ,00101 == ba

,
3
4

2011 ba =     ,
3
4

2011 ab =     ,02020 ≠ba   ;4
2003

4
2003 bbaa ≠  (22)

(2) ,02121 == ba    ,01010 == ba     ,03232 == ba    ,00101 == ba

     ,02020 == ba     ,20112011 bbaa =    .4
1103

4
1103 abba ≠                     (23)

They are also the necessary and sufficient conditions for the origin of
system ( ) 0'16 =δ|  to be a weak focus of order 112.

By Theorem 3.1 and 4.1, the case of bifurcations of limit cycles is
constructed as follows:

Theorem 4.2. If the coefficients in system (16) satisfy

,,,,, 212192211010811011 abiaabia =ε−ε==ε+ε−=ε−=δ

,,,,
3
4

6532321033211117411 ε+ε−==ε+ε−==ε+ε−= iabiaabia

,,,1, 030320200101 ibiabaab −=====

where ( )11,,2,1=ε ii  is the small parameter which satisfy 110 ε<

,11210  εεε  then system (16’) has 11 limit cycles in a

sufficiently small neighborhood of the origin, correspondingly, system (3)
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has 11 limit cycles in a sufficiently small neighborhood of infinity.

Proof. According to Theorem 3.1, ( ) 112 2
1 −=−πν πδe  and Lemma

2.2, by computation we have

( ) ( ),212 11111 ε+πε−=−πν o

( ) ( ) ( ),,,,,,,,,,
7
22 101010987654321115 ε+ε



 εεεεεεεεεεω+π=πν o

( ) ( ) ( ),,,,,,,,,,
7
22 9910987654321229 ε+ε



 εεεεεεεεεεω+π−=πν o

( ) ( ) ( ),,,,,,,,,,
7
22 8810987654321343 ε+ε



 εεεεεεεεεεω+π=πν o

( ) ( ) ( ),,,,,,,,,,
7
22 7710987654321471 ε+ε



 εεεεεεεεεεω+π−=πν o

( ) ( ) ( ),,,,,,,,,,
63
82 66109876543215113 ε+ε



 εεεεεεεεεεω+π=πν o

( ) ( ) ( ),,,,,,,,,,
189
102 55109876543216141 ε+ε



 εεεεεεεεεεω+π−=πν o

( ) ( ) ( ),,,,,,,,,,
21
82 44109876543217169 ε+ε



 εεεεεεεεεεω+π=πν o

( ) ( ) ( ),,,,,,,,,,
3402
1872 33109876543218183 ε+ε



 εεεεεεεεεεω+π−=πν o

( ) ( ) ( ),,,,,,,,,,
1701
1602 22109876543219197 ε+ε



 εεεεεεεεεεω+π=πν o

( ) ( ) ( ),,,,,,,,,,
42
52 111098765432110211 ε+ε



 εεεεεεεεεεω+π−=πν o

( ) ( ),1
35721
35202255 o+π=πν (24)

where ( )10987654321 ,,,,,,,,, εεεεεεεεεεωi  is analytic at ( ,0,0,0,0

)0,0,0,0,0,0  and ( ) .10,,2,1,00,0,0,0,0,0,0,0,0,0 ==ω ii

From formula (24), we get that ( ) ( ) ( ) 022 1141114 <πνπν ++− mm  and

( ) ( ) ( ) ( ) .1615,14,13,12,10,8,5,3,2,122 1141114 =πνπν ++− mmm 



WENTAO HUANG, LI ZHANG and HUIXU XU214

According to classical theory of Bautin, system (16’) has 11 limit
cycles in the sufficiently small neighborhood of the origin.
Correspondingly, system (3) has 11 limit cycles in the sufficiently small
neighborhood of infinity.

From Theorem 4.2, we get .117 ≥I
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